A note on Ladas' paper: Oscillatory effect of retarded actions  by Grace, S.R & Lalli, B.S
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 88, 257-264 (1982) 
A Note on Ladas’ Paper: 
Oscillatory Effect of Retarded Actions 
S. R. GRACE AND B. S. LALLI 
Deparrment of Mathematics, University of Saskatchewan. 
Saskatoon. Saskarchew!an, Canada S7N 0 WO 
Submitted by C. L. Dolph 
1. 1NTRoDucTt0~ 
Recently Ladas [2 ] considered the equation 
,dZn’ - q(t) x(t - r) = 0. n> 1. (1) 
where q E C[ [0, oo), [0, a~)], q(t) # 0, and r is a positive constant and 
proved the following theorem: 
THEOREM (*). Assume that for every t, > 0 there exists t > to such that 
f, [(t-s)1”-‘q(s+r)-(t-s---)‘“-‘q(s)]ds>(2n- l)! (H,) 
and 
I-’ ] (t - s)kq(s + 5) - (t - s - #q(s)] ds > 0 (Hz) 
ml-7 
for k = O,l,..., 2n - 2. 
Then every bounded solution of (1) is oscillatory. 
The purpose of this note is to establish oscillatory character for a larger 
class of solutions of the equation, namely 
L,x(t) + (-l)“+‘q(t)x(t - 5) =o, 112 1. (21 
where 
&)x(t) =x(t), L,x(t) = ak(W- ,-$)). 
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for k = 1, 2,..., n. We assume that a, = a, = 1, 
for i = 1, 2,..., n - 1 
kt a,(t) IrO ’ ’ 
’ 14 c.a.(t)>O, a&) = 1, 
for every choice of the constants ci with ck > 0, k = 1, 2,..., n - 1, where 
k=3 ,..., n- 1, t>c>O. 
A nontrivial solution of (2) is said to be oscillatory on [0, co), if it has an 
infinity of zeros, otherwise it is said to be nonoscillatory on [0, co). 
Our main results are given in Section 2 (Theorems 1 and 2), which 
generalize and improve the results of [2] and some of the results in [3,4]. 
Our results when specialized to (1) turn out to be a substantial improvement 
of Theorem 1 in [ 21 and Theorem 2.1 in [3 1. 
2. MAIN RESULTS 
Let l<k<n-1 andt,sE[O,co). Wedefine 
w,(t, s) = if &du and ~‘~(t, S) = (-I 
1 
- w,-,(u, s) du. 
-5 I -5 %(U) 
LEMMA 1. Zf x(t) is a solution of (2), then for all t, s E [0, co) 
n-i 
x(s) = K- 
.,ro 
(- 1 )‘ivj(t, S) L,x(t) + 1’ )Y,, _ ,(u, s) q(u) x(u - t) du. 
-5 
wo(t, s) = 1. (3) 
ProoJ The proof of Lemma 1 is by induction and will be omitted. 
LEMMA 2. Zf x(t) is a nonnegative and nonincreasing solution of (2). 
then for t - T < s < t, the following inequality holds: 
1 
n-l 
.-,(u,s)q(u)du > \’ (-l)‘w>(t,s)Ljx(t). 
,TO 
(4) 
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Proof: If s< u < t, then s-r<u-r<t-r<s and therefore 
x(u - r) >x(s). Using this inequality in (3), inequality (4) follows 
immediately. 
The following Lemma is an analog of a result due to Kim [ 11, so we omit 
the details. 
LEMMA 3. If x is a nontrivial solution of (2) such that x(t - r) > 0, 
x(t)>O, and x(t)/a,(t)+O as t+cO, then x(t)>O, x(t)<O, (-l)kLkx(t)>O 
for k = 2, 3,..., n - 1, t E [0, oo), and Lkx(t) -+ 0 monotonicallv as t + co, 
and k= 1, 2 ,..., n- 1. 
LEMMA 4. Ifx(t) is a nonnegative and nonincreasing solution of (2) for 
t - r < s < t, the following inequality holds: 
(-l)“L,-,x(t + r) 
> (-1)“-55,-,x(t) f w,- ,(t, s)q(s + r) ds - A,(t - r) 
‘I--r 1 n-l 
+ -T- (-l&x(t) 
,C-0 
wj(t,s)q(s+r)ds+(-ly’t’An_j-,(t-r) 
I 
- r x(s + r)A,(s) ds, (5) 
‘I--r 
where 
A,(s) = 1 - 1.’ w,- ,(u, s) q(u) du 
‘5 
Set 
Ak(S)=an-k(s + r)(Ak-,(s)‘, k = 1, 2,. .., n. 
Proof Multiplying both sides of (4) by q(s + r) and using (2), we obtain 
(-l)“L,x(s + r) 1 - (-L q(u)w,_,(u, s) du 
-5 I 
n-1 
> v (-1 y’q(s + r)wj(t, s) L,x(t). 
,TO 
(6) 
A,(s) = F(s) = 1 - it q(u)w,- ,(u, s) du. 
-s 
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Integration by parts yields 
(_I L,x(s + r)F(s) ds=e (-ly+y n-jxCs + r)Aj- I(s)Ii-r 
-t-r JG 
+ (-1)” I( A,(s)x(s + r) ds. 
‘I--r 
Now inequality (5) follows by integrating both sides of (6) with respect to 
s from t - 5 to t. 
In the following Theorem we consider (2) with n replaced by 2n; namely, 
&x(t) - q(t)x(t - 5) = 0, n> 1. (7) 
‘R-IEOREM 1. Assume that for every t, > 0, there exists t > 0 such that 
the following hypotheses are satisfied: 
J 
-I 
q(s + r)w2n- ,(t, s) ds - A,(t - r) > 0, (8) 
I--T 
[’ q(s + r)wj(t, S) ds + (-l~f’Azn-j-,(t - 5) > 0, 
j = 0, I,..., 2n - 2, 
and 
A z,(t) G 0 for t>t,. (10) 
Then every solution x(t) of (7) with the property that x(t)/a,(t) -+ 0 as r + 00 
is oscillatory. 
Proof. Let x(t) be a nonoscillatory solution of (7) such that 
liml+,(x(t)/a,(t)) = 0. Without any loss of generality we assume that 
x(t) > 0 for t > t,. By Lemma 3 there is a I, > t, such that i(t) < 0 and 
(-l)kL,~(t) > 0 for t > 1, and k = 2, 3 ,..., 2n - 1. 
By replacing n by 2n in Lemma 4, we obtain 
L,,x(r+r)>-LL,,-,x(t) j’ 
[ t-r 
w,.-,(f,sk(s+T)ds-AO(f-r)] 
Zn-2 
+ x (- 1 y’LjX(f) 
j=O 
wj(t,s)q(s+r)ds+(-ly’t’A2n-j-~(f--r) 
I 
- f’ (x(s + 5)) A,,(s) ds. 
-t--r 
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In view of hypotheses (8~(10) there exists a t > t, such that the right- 
hand side (11) is nonnegative while its left-hand side is negative. This 
contradiction completes the proof. 
Remark. If a,(f) = 1 for i = I,..., n, then Eq. (7) reduces to (l), and if ( 1) 
possesses a bounded solution then it does satisfy the property x(t)/t -+ 0 as 
t -+ 00. (Here 
a,(f) = 1; -& ds = !I ds = t). 
Thus Theorem 1 is a considerable improvement of Theorem (*). 
EXAMPLE 1. Consider the equation 
(4 (t - ‘i)’ - x(t - 5) = 0, I > r2 + $. 
A,(s) = 1 - I-1 w,b s) q(u) du 
-5 
= 1 - f(jt’ - s2t + fs3), 
A,(s)=q,(s+r)4&)=~, 
r(t + 5) 
A,(s)=‘4;(s)=--1 + (s+s)2 so A,(f) < 0 
for t > 0. 
Thus 
A,(t - r) = 1 - fts’ + i7’ and A ,(t - r) = r - (?/t). 
The hypotheses (8~(10) are verified, since 
f-, f(t’ - s2) ds - (1 - ftr2 + fr3) = tr2 - ;T3 - 1 > 0 
and 
I 
.I 
‘I--r 
Thus we conclude that any solution x(t) of (a) with the property that 
x(t)/t2 + 0 as f -+ co is oscillatory. We note that Theorem 1 in [2] is not 
applicable since u,(t) # 1. 
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THEOREM 2. Suppose that 
(12) 
then every solution x(f) of (2) with the property that lim+,(x(t)/a,(t)) = 0 is 
oscillatory. 
Proof: We only consider (2) when n is odd. Since a similar argument 
holds when n is even. Let x(t) be a nonoscillatory solution of (2) such that 
x(t)/a,(t) + 0 as t + co. Without any loss of generality we assume that x(t) 
and x(t - r) are positive for t > to > 0. Then by Lemma 3 there is a t, 2 t, 
such that 
i(t) < 0 
If s < t, we have 
and (-lyLkX(t) > 0 for tat,, 
k = 2,..., n - 1. 
x(s - 5) > x(t - r). 
Hence (2) implies that 
L,x(s) + q(s)x(t - 5) ,< &x(s) + q(s)x(s - 5) = 0. (13) 
Integrating the left-hand side of inequality (13) n times, we have 
x It l( ) ds, *.. ds,-, 
-$? a,-, s, 
+ x(t - 5) 
q(s) ds ds, ... ds,_, < 0, 
which implies that 
x(t - 5) > x(t) + x(t - 5) 1.’ 
a (sl -,)!Ivm, ..’ -t--r , n 
x (_[ q(s) ds ... ds,p, 
‘SI 
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Thus 
which contradicts (I 2). This contradiction completes the proof. 
EXAMPLE 2. Consider the equation 
(b) i(t) + x(t - $r) = 0, t > 0. 
-I 
ds=r=$> 1. 
‘I--r 
Condition (12) is verified, and hence (b) is oscillatory. 
EXAMPLE 3. Consider the equation 
(cl (t - ‘i)’ - x(t - 5) = 0, t >-fr + (2/?). 
Condition (12) is satisfied, since 
!l, s, (!I, ds) ds, = ftr’ - fr’ > 1. 
Thus by Theorem 2 every solution x of (c) with the property that 
x(t)/f’ + 0 as t + co is oscillatory. 
EXAMPLE 4. Consider the equation 
Cd) (t - ‘(t - ‘i)‘)’ + x(f - 5) = 0. 
Here 
The above expression in t and r is larger than I if r > 2. 
The hypotheses of Theorem 2 are satisfied and thus we conclude that 
every solution .x(t) of (d) with the property that x(t)/t’ + 0 as t + co is 
oscillatory. 
Remark. The above conclusions for Eqs. (a)-(d) are not deducible from 
Lada’s result. 
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